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Internal Degrees of Freedom of an Actuator Disk Model
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Actuator disk models can have internal degrees of freedom as, for example, in the case for models with lagged
losses, governed by additional differential equations. Generally, being a system with distributed parameters, flow
in the interblade passage has an infinite number of internal degrees of freedom. An attempt is made to estimate how
many of them can be distinguished as the most important. The response of a blade row to time-periodic excitations
is modeled by an actuator disk with internal degrees of freedom and by linearized Navier–Stokes equations, and the
results are compared. It is found that in the case of subsonic flow one internal degree of freedom can be considered
as the most important, both for design and off-design regimes. In the case of transonic flow in off-design regime,
two internal degrees of freedom are more important than the rest. However, for the transonic design regime, no
internal degrees of freedom could be distinguished as especially significant. The physical mechanisms associated
with distinguished internal degrees of freedom are investigated.

Nomenclature
E = excitation vector
F = actuator disk model mean square

deviation function
h = enthalpy
L, S = vectors of actuator disk model parameters
Ndf = number of degrees of freedom
Nω = number of frequencies
p = pressure
R = response vector
t = time
u, v1 = axial velocity
ub, vb, pb, hb = basic state of the unknowns
u′, v′, p′, h′ = perturbations of the unknowns
v, v2 = circumferential velocity
v = velocity vector
δi j = Kronecker delta
µ = viscosity
ρ = density
τi j = shear stress
�, M = matrices of actuator disk model parameters

I. Introduction

A CTUATOR disk models (ADMs) utilize the fact that the num-
ber of blades in a compressor cascade is large, whereas the

pitch and the blade chord are comparable. For this reason, phenom-
ena in a compressor can have a length scale much greater than the
blade pitch and chord. Rotating stall is a good example.1 Because of
the difference in scales, the details of the flow in individual interblade
passages are relatively unimportant: Large-scale phenomena react
only to the bulk properties of the flow through a passage. Hence,
it is possible to replace the blade row with a line or surface of dis-
continuity in flow parameters. This discontinuity surface is called
an actuator disk. The specific relations between parameters on the
opposite sides of the actuator disk constitute the model.

Various ADMs are widely used.2−9 Our research was inspired by
the impressive performance of ADMs demonstrated in the study5 on
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suppressing rotating stall by active control. In the case of an incom-
pressible flow, as in Ref. 5, ADMs give the pressure rise across and
the velocity downstream from the blade row if other flow parame-
ters on both sides of it are known. For example, in the well-known
Moore10 and Moore–Greitzer11 model, these parameters are the ve-
locity and its time derivative immediately upstream from the disk.
The extended Moore–Greitzer model used in Ref. 5 introduces the
time lags for losses so that the pressure rise depends additionally
on a parameter governed by a separate differential equation. This
means that the extended model has an internal degree of freedom.
This internal degree of freedom can be excited by, for example, vari-
ation of the axial velocity. It would relax to the equilibrium value
after the axial velocity ceases to vary. This improvement was very
important for the analysis of the onset of rotating stall because with-
out it all modes go unstable at the same critical value of the axial
velocity.

In Ref. 5, a multistage compressor was considered, and internal
degrees of freedom of the rotors and stators were combined into two
degrees of freedom of the ADM modeling the compressor. In the
present paper, we will limit our study to a single blade row.

Internal degrees of freedom can be given a more mathematical
interpretation. A flow in an interblade passage is a system with
distributed parameters. As such, it should normally possess an infi-
nite number of internal degrees of freedom. In cases when the flow
deviates only slightly from a steady flow, the internal degrees of
freedom can be associated with the amplitudes of the eigenmodes
of the linearized system of equations describing the flow in the pas-
sage. Then an ADM with one degree of freedom can be considered
as an approximation in which only one major eigenmode, that is,
the eigenmode having the smallest decay rate, is taken into account.
An increase in the number of eigenmodes/degrees of freedom taken
into account leads then to an increase in accuracy.

This interpretation gives no indication of the physical mecha-
nisms underlying each eigenmode. In fact, there may be no such
mechanisms, all eigenmodes being of the same nature and differ-
ent only in scale, as in the case, for example, with eigenmodes
corresponding to acoustic resonances in a fixed volume and be-
ing different mostly in wavelength only. On the other hand, some
eigenmodes/degrees of freedom can have an identifiable physical
mechanism. In Ref. 5, the viscous losses were considered to be in-
volved in such a mechanism, and estimates of the corresponding
timescales where made on the basis of this assumption.

The purpose of this study is to estimate whether the flow in the
interblade passage has such distinguished internal degrees of free-
dom and if so, what their physical mechanisms are and how their
number depends on the flow regime.

This problem can be addressed in several ways. It is possible to
solve the eigenvalue problem for the linearized flow in the interblade
passage and then try to draw conclusions from the comparative
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magnitudes of the decay rates of the eigenmodes. One can go even
further and use the reduced-order model12 for building the ADM
and then consider the number of its internal degrees of freedom.
In the present paper, a more straightforward approach is used. We
anticipate that taking into account those internal degrees of free-
dom that have a clear physical meaning is necessary and will result
in noticeable improvement in the ADM, whereas adding further
degrees of freedom will give only a moderate improvement. Ac-
cordingly, our approach consists in modeling an interblade flow
with an ADM and analyzing the ADM quality as a function of
the number of the internal degrees of freedom it has. The ADM
quality is measured by the difference between the response of a
blade row and the response of the ADM modeling of this blade
row to identical excitations. We then investigate the physical mech-
anisms associated with the internal degrees of freedom. The re-
sults obtained can yield a useful guidance on the number and
nature of internal degrees of freedom that should be taken into
account.

II. Navier–Stokes Model
Governing Equations

A two-dimensional compressible flow is considered. This implies
that the hub-to-tip ratio is close to one and that all of the parameters
are averaged in the radial direction so that only a plane flow past
a row of blades need be considered. This is often assumed when
ADM is used.1,5 Taking the x axis of a Cartesian coordinate sys-
tem to be parallel to the compressor axis, we then direct the y axis
along the blade row, that is, in the circumferential direction. The
corresponding velocity components are denoted u and v. Where
convenient, we imply that x1 = x , x2 = y, v1 = u, and v2 = v and
use these notations interchangeably. Because the phenomena de-
scribed with the ADM should have a length scale much greater
than the blade pitch, periodicity in the direction along the blade
row is imposed. This limits calculations to a single interblade pas-
sage. The unsteady perturbations are assumed to be small and are
modeled using linearized equations. The exact formulation is given
subsequently.

Nondimensional parameters are introduced so that v∗ = U ∗v,
ρ∗ = ρ∗

0 ρ, x∗
i = L∗xi , p∗ = [p + 1/(γ M2

0 )]ρ∗
0 U ∗2, τ ∗

i j = ρ∗
0 U ∗2τi j ,

h∗ = {h + 1/[(γ − 1)M2
0 ]}U ∗2, µ∗ = µ∗

0 Fµ, and µ∗
t = ρ∗

0 U ∗L∗µt .
Stars mark dimensional quantities. The scales U ∗, ρ∗

0 , µ∗
0, and L∗

correspond to a certain reference flow with the Mach number M0.
This form allows taking the limit as the Mach number tends to
zero simply by substituting M0 = 0 into the equations. We denote
Re = ρ∗

0 U ∗L/µ∗
0.

In Cartesian coordinates, the equations of mass, momentum, and
energy conservation, respectively, take the form

∂ρ

∂t
+ ∂ρvi

∂xi
= 0,

∂ρvi

∂t
+ ∂

∂x j
(ρviv j + pδi j − τi j ) = 0

∂

∂t

[
ρ

(
h

γ
+ v2

2
− 1

γ M2
0

)]
+ ∂

∂x j

[
ρv j

(
v2

2
+ h

)

− viτi j −
(

Fµ

RePrl
+ µt

Prt

)
∂h

∂x j

]
= 0

The laminar and turbulent Prandtl numbers were taken to be
Prl = 0.7 and Prt = 0.9, respectively.

The equation of state of a perfect gas takes the form

ρ = 1 + γ M2
0 p

1 + (γ − 1)M2
0 h

The laminar dimensionless viscosity Fµ is given by the approximate
formula

Fµ = [
1 + (γ − 1)M2

0 h
] 3

2

[In dimensional form this is just µ∗/µ∗
0 = (T/T0)

3/2.] The compo-
nents τi j of the viscous stress tensor are

τi j =
(

Fµ

Re
+ µt

)
Ei j , Ei j =

(
∂v j

∂xi
+ ∂vi

∂x j
− 2

3

∂vk

∂xk
δi j

)

The turbulent viscosity µt is given by the generalization of the
well-known Prandtl model:

µt = l2�, � = Ei j
∂vi

∂x j
, l = κY1Y2

(Y1 + Y2)

The coefficient κ = 0.4, and Y1 and Y2 are the distances to the nearest
blades. Near walls this model reduce to the Prandtl model.

For unsteady flow, v(t, x, y) = vb(x, y) + v′(t, x, y), where vb is
the steady solution and v′ is the perturbation. This and similar repre-
sentations for other variables are then substituted in all of the equa-
tions, and only the linear terms are kept. For brevity, the linearized
system is not given.

Boundary Conditions
The periodicity condition has the form X (t, x, y + yp) =

X (t, x, y), where X represents the unknowns and yp is the blade
pitch. On the upstream boundary of the computational domain uni-
form, that is, independent of y, distributions of the velocity com-
ponents and enthalpy are prescribed. On the downstream boundary,
we prescribe the static pressure averaged along this boundary and
the soft conditions ensuring a weak upstream effect: v · ∇v = 0 and
v · ∇h = 0. These conditions mean that the velocity and enthalpy
derivatives along the flow direction are zero. On the surface of the
blade, the no-slip condition is used, and zero heat flux is prescribed.

For the unsteady flow calculations, the velocity components and
enthalpy prescribed on the left (upstream) boundary of the computa-
tional domain, ul , vl , and hl , and the pressure on the right boundary
pr are functions of time.

III. ADM
General Form of the ADM

Used in combination with the inviscid flow equations, the ADM
is expected to relate inviscid solutions immediately upstream and
downstream from the disk representing the blade row. Near the disk,
the inviscid flow can be approximated by a one-dimensional time-
dependent solution of the Euler equations. In our work, the unsteady
flow is described within linearized equations. As can be verified di-
rectly by substitution into the equations, one-dimensional linearized
unsteady inviscid flows have the following general form:

v′ = f+(t − x/ub)

u′ = g+[t − x/(ub + cb)] + g−[t − x/(ub − cb)]

h′ = h+(t − x/ub) + cbg+[t − x/(ub + cb)]

− cbg−[t − x/(ub − cb)]

p′ = cbρb{g+[t − x/(ub + cb)] − g−[t − x/(ub − cb)]} (1)

where the primes denote perturbations; subscripts b denote the basic
steady-state flow parameters, which are assumed to be constant; cb

is the speed of sound; and γ is the specific heat ratio. The steady
state can be different on the different sides of the actuator disk. In
general, the ADM gives the relation between the solutions of this
form at a certain cross section upstream from the blade row at X1,
for example, and downstream from it at X2, for example. For a
given blade row and flow conditions, X1 and X2 are just arbitrary
parameters that can be adjusted to improve the quality of the ADM.

In accord with Eq. (1), the solutions upstream and downstream
from the disk can be decomposed into a sum of four waves, three of
which move downstream (marked with +) and one moves upstream
(marked with −). It is assumed that cb > ub > 0. As far as the ADM is
concerned, it is natural to consider the waves approaching the blade
row as an excitation and to consider the waves moving away from the
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blade row as a response. The ADM yields the response for a given
excitation. In other words, the ADM relates the Riemann invariants
f+, g+, g−, and h+ on the sides of the actuator disk, or, more exactly,
at a certain upstream point X1 and a certain downstream point X2.

Clearly, g+, f+, and h+ describe perturbations moving down-
stream whereas g− denotes a perturbation moving upstream. (Again,
0 < ub < cb is implied.) Therefore, the blade row subject to excita-
tion E

E1 = g+|X1 , E2 = f+|X1

E3 = g−|X2 , E4 = h+|X1 (2)

produces the response

R1 = g+|X2 , R2 = f+|X2

R3 = g−|X1 , R4 = h+|X2 (3)

The ADM studied in the present paper relates R to E with

R j = �
j.
.i Ei + M j.

.i

dEi

dt
−

Ndf∑
k = 1

L j.
.ksk (4)

and specifies that

σk
dsk

dt
= Sik Ei − sk, k = 1, . . . , Ndf (5)

where Ndf is the number of internal degrees of freedom of the actu-
ator disk and sk are the amplitudes of the excited internal modes. It
is quite possible that Ndf = 0, but generally we expect it to be 1 or
2.

This specific form of ADM is, in fact, a simple generalization
of the extended Moore10 and Moore–Greitzer11 model successfully
used in Ref.5, where R and E were scalars, the total to static pressure
rise and the axial velocity, respectively, and s1 and s2 were the losses
in stators and rotors.

Matrices (�
j.
.i ), (M j.

.i ), an integer value Ndf, vectors L j.
.k and Sik ,

time lag coefficients σk , k = 1, . . . , Ndf, and edges X1 and X2 are
the parameters of the actuator disk model. They should be chosen
to fit better the behavior of the real blade row.

Fitting ADM to the Blade Row and Estimating Its Quality
To determine the ADM parameters and to estimate its quality, the

response of the blade row to time-periodic excitation can be used.
For perturbations proportional to eiωt , taking the time derivative is
equivalent to multiplication by iω. Then

R j = A j
i (ω)Ei (6)

where

A j
i (ω) = �

j.
.i + iωM j.

.i −
Ndf∑

k = 1

L j.
.kSik

1 + iωσk

This gives the relation between the Riemann invariants at X1 and
X2. In the case of a time-periodic excitation, the Riemann invariants
can be represented in the form

f+ = V+ exp[iω(t − x)/ub]

g+ = U+ exp{iω[(t − x)/(cb + ub)]}
g− = U− exp{iω[(t + x)/(cb − ub)]}

h+ = H+ exp[iω(t − x)/ub] (7)

where V+, U+, U−, and H+ do not depend on t or x (except that
they, as well as ub and cb, are different on the different sides of the
actuator disk).

When Eqs. (1) and (7) are used, it is possible to express u′, v′, p′,
and h′ via V+, U+, U−, and H+ and vice versa. If the perturbations u′,
v′, p′, and h′ are calculated numerically using the linearized Navier–
Stokes equations, it is also possible to recalculate V+, U+, U−, and
H+ with the same formulas. In general, these quantities will not be
constant because the Navier–Stokes solution is not one dimensional
and it is not inviscid. However, in accordance with the idea of the
ADM approach, we expect that far from the blades the variations in
circumferential direction and the viscosity effects should be small.
Then V+, U+, U−, and H+ should be approximately constant in the
far field. If this is the case, then four linear-independent linearized
Navier–Stokes solutions provide enough information for calculating
the matrix A j

i calc(ω) such that taking

R j = A j
i calc(ω)Ei (8)

and using the one-dimensional inviscid solutions for calculating the
flow parameters at other x will reproduce the linearized Navier–
Stokes results in the far field. Then

F =
√

1

ωmax

∫ ωmax

0

∑
i, j

∣∣A j
i calc(ω) − A j

i (ω)
∣∣2

dω (9)

estimates the quality of the ADM. For a given Ndf, minimizing F
by varying all other parameters of the ADM gives the ADM for the
specific blade row. The minimum value Fmin(Ndf) as a function of
the number of internal degrees of freedom Ndf will be the object of
our analysis.

IV. Numerical Implementation
In many respects our numerical approach is fairly standard. The

grid used is shown in Fig. 1. Spatial discretization of second-
order accuracy was applied, with convective terms approximated
using third-order upstream differences, following Leonard.13 The
scheme was strictly conservative. For validation purposes an arbi-
trary body force represented by a subroutine was introduced into
the Navier–Stokes equations. Substituting an arbitrary velocity dis-
tribution given by an explicit expression into the Navier–Stokes
equations gives explicitly the body force for which this velocity dis-
tribution is an exact solution. This body force was then programmed
into the code, and the numerical solution found was compared with
the exact solution. In this way, the program was tested against quite
complicated velocity distributions. The call to the body-force sub-
routine was then commented out. The results were also checked by
refining the grid.

Several features of our numerical approach deserve more detailed
discussion. The steady solution of the Navier–Stokes equations was
calculated by the Newton method. This has two important advan-
tages. First, time-marching schemes cannot be used when the steady
state is unstable. Other simple iteration methods are also known to
inherit some of the physical instability of the flow. Because of that,
calculations of separated flows, which, for example, are of interest
for rotating stall applications of ADM, can be difficult. In con-
trast, the Newton method is guaranteed to converge provided that

Fig. 1 Grid and calculation domain.
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the initial approximation is sufficiently close to the solution. This
can be achieved by calculating the solution for, for example, a small
Reynolds number Re and then stepping in the Reynolds number, us-
ing the solution from the previous step as the initial approximation.
The high efficiency of the Newton method for calculating separated
flows at high Reynolds numbers was demonstrated earlier. In fact,
the so far most advanced calculations of steady laminar separated
flows at high values of Reynolds number14 were performed using
the Newton method.

Second, use of the Newton method for calculating the steady
flow has additional advantages for calculating the linearized time
periodic flow. In the Newton method, each iteration consists in solv-
ing the linearized system. In our code the matrix of this linearized
system is obtained by numerical differentiation of the functions rep-
resenting the nonlinear algebraic equations. Note that the matrix of
the unsteady linearized system can easily be obtained from the ma-
trix of the steady linearized system. After spatial discretization, the
(nonlinear) unsteady equations can be written as

∂N
∂W

dW
dt

+ G(W, B) = 0

where W is a vector of the unknowns, whose components are the
values of u, v, p, etc., at the corresponding grid nodes. Vector B is the
vector of boundary conditions, in particular, in the case in question,
its components are velocity components U , V , and enthalpy H far
upstream and pressure P downstream, so that the boundary condi-
tions for velocity far upstream, for example, are u|far upstream = U (t).
The vector function N(W) has a relatively simple form, for exam-
ple, its components corresponding to the continuity equation are just
ρ(p, h) with p and h taken at the corresponding node.

Steady flow satisfies the system

G(W, B) = 0 (10)

with B = const. When solving this system with Newton’s method,
one solves the equation (∂G/∂W)�W + G(Wn, B) = 0 and iterates
as Wn + 1 = Wn + �W. Now, we assume that unsteady perturbations
are small and periodic, so that W = Wb + Zeiωt and B = Bb + Aeiωt

with A given. Substituting this into the unsteady equations gives
(

iω
∂N
∂W

+ ∂G
∂W

)
Z + ∂G

∂B
E = 0

We modify the steady solver first in such a way that instead of
solving Eq. (10) it solves iωN(W) + G(W, B) = 0. This does not
makes sense in itself except when ω = 0. However, the modifica-
tion is simple because, in the code, the equations are described by
a subroutine calculating G(W, B), with the matrix of derivatives
∂G/∂W being calculated using numerical differentiation. Adding
iωN(W) to G(W, B) in this subroutine is simple because N(W) is
simple and does not contain spatial derivatives. Note that the ma-
trix of derivatives calculated by this modified code is the same as
the matrix needed for linearized unsteady calculations. Moreover,
the matrix ∂G/∂B, which is also needed, can also be calculated by
numerical differentiation. As a result, the majority of the subrou-
tines of the steady solver are utilized in the unsteady solver. In this
way, any modification in the steady code, for example, a change
in the turbulence model, is automatically taken into account in the
unsteady code.

The general procedure for the computations was as follows. First,
for a given Mach number and the boundary conditions, the steady
solution was calculated, and the entire flowfield stored. Then, for a
set of frequencies ω, the unsteady code was used to calculate the
response of the blade row to four independent excitations of the
form

u = ub(upstream) + E1eiωt , v = vb(upstream) + E2eiωt

p = pb(downstream) + E3eiωt , h = hb(upstream) + E4eiωt

(11)

at the upstream and downstream boundaries of the calcula-
tion domain, respectively, with E = (1, 0, 0, 0), E = (0, 1, 0, 0),
E = (0, 0, 1, 0), and E = (0, 0, 0, 1). This gives the four indepen-
dent solutions needed for calculating A j

i calc(ω) in Eq. (8). For each of
these solutions, V+, U+, U−, and H+ were calculated and averaged
in the circumferential direction. Their dependence on x was ana-
lyzed visually, and the approximately constant values upstream and
downstream from the blade row were used for calculating A j

i calc(ω).
Calculation results for different ω were written to the disk and

used by a separate code for calculating the ADM parameters min-
imizing the function F [given by the discrete version of Eq. (9)].
The minimization is performed in two steps. For X1, X2, σk , and
L j.

.k fixed, the minimization with respect to all other parameters is
just a least-squares problem. This leaves F as a function of X1, X2,
σk , and L j.

.k . To minimize this function, the modified APPSPACK
freeware calculation package was used.

V. Results and Discussion
Setup

Calculations were performed for a cascade of NACA65 airfoils of
nondimensional chord length 0.3. The stagger angle was 35 deg and
the pitch was 0.2. The calculation domain and the grid are shown in
Fig. 1. A grid of 114 × 78 nodes was found to be sufficient to obtain
grid independent results. The circumferential velocity far upstream
was equal to 1, in other words, its dimensional value was used as
the velocity scale and also for calculating the Reynolds Re and the
Mach M0 numbers. All calculations were performed for Re = 104.
Calculations were performed for M0 = 0.4 and for M0 = 1. In the
steady flow calculations, the axial velocity was varied. The nondi-
mensional enthalpy h far upstream and the nondimensional pres-
sure p far downstream were taken to be zero. (Note how these
nondimensional quantities were introduced in Sec. II). For unsteady
calculations, the boundary conditions were perturbed according to
Eq. (11). The case M0 = 0.4 corresponds to almost incompressible
flow. For M0 = 1, the flow upstream from the cascade was super-
sonic with the Mach number M close to unity. For example, for the
upstream axial velocity equal to 0.55 (as in one of our special test
cases), M = √

(1 + 0.552) = 1.145. The pressure isolines for flows
with M0 = 1 showed a weak shock (or, rather, a compression wave)
forming inside the interblade passage, and the entire flow was in
fact transonic.

Steady Flow Solutions
Figure 2 shows the total-to-static pressure rise ψ (the static pres-

sure downstream minus the total pressure upstream) as a function of
the axial velocity far upstream u∞ for M0 = 0.4. Figure 2 also shows

Fig. 2 Total-to-static pressure rise and the flow patterns.
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the flow streamlines for two values of u∞, with massive separation in
one case. According to Longley,1 rotating stall can be expected when
∂ψ/∂u∞ > 0. The result demonstrates that the Newton method can
be used to calculate steady but physically unstable flows, in partic-
ular, in that range of u∞, which is of interest for the rotating stall
stability analysis.

Similar calculations were also performed for M0 = 1. Both for
M0 = 0.4 and M0 = 1, the separation was absent or insignificant for
u∞ = 0.55, and it was well pronounced for u∞ = 0.45. These two
values of u∞ were selected to represent the design and off-design
regimes, respectively, each for subsonic (M0 = 0.4) and transonic
(M0 = 1) flow, in further unsteady calculations.

Unsteady Calculations
The unsteady calculations were performed for ω =

(0, 0.2, . . . , 3.8) in each of the four basic steady states, that is, for the
subsonic design and off-design and transonic design and off-design
states. For a sinusoidal perturbation wave running along the blade
row with velocity V , the wavelength is λ = 2πV/ω. For V = 0.5
and ω = 3.8, this gives the wavelength about four times the blade
pitch in our calculations. Higher frequencies would correspond to
shorter wavelength, in which case an ADM is not expected to be
used anyway. With Eq. (9), 10 values of ω proved to be sufficient for
calculating the minimum of F , which did not change considerably
when fewer points in ω range were used. In the present paper, F was
calculated by the first-order-accurate discrete version of Eq. (9):

F =
√∑

i jl

∣∣A j
i calc(ωl) − A j

i (ωl)
∣∣2

/
Nω (12)

The primary goal of the unsteady flow calculations is to deter-
mine A j

i calc(ω) in Eq. (8). For this, constant values of V+, U+, U−,
and H+ should be determined in the far field upstream and down-
stream of the blade row. Generally, the unsteady flow is not uniform.
This nonuniformity slowly decreases as the distance from the blades
increases, as can be seen, for example, in Fig. 3. This shows the per-
turbation of the axial velocity at t = 0 in the design case (M = 1.0)
for ω = 3.8, when the axial velocity upstream is excited (as cos ωt).

Whereas the flow parameters are far from uniform, V+, U−, U+,
and H+ averaged in the circumferential direction become indepen-
dent of the axial coordinate remarkably close to the blades. This is
clearly indicated by the flat portions of all of the curves (in Fig. 4).
Near the downstream boundary of the calculation domain, there is a
certain variation. The reason is that the boundary conditions are not
nonreflecting. However, it is sufficient to use V+, U−, U+, and H+
from the flat portions of the curves. Similar results were obtained
for all 80 solutions. Two cross sections were chosen on each flat
portion, namely, at x = −0.1 and x = 0.5, and the values of V+, U−,
U+, and H+ at these points were used for determining A j

i calc(ω).
Figure 4 may seem to suggest that, because the one-dimensional

Fig. 3 Axial velocity perturbation; off-design case: M = 1,
uuptream = 0.45, and ω = 3.8.

Fig. 4 Typical behavior of amplitudes of Riemann invariants averaged
in circumferential direction.

averaged description applies well near the blades, it may be possi-
ble to calculate the bulk properties of a compressor stage consisting
of a rotor and a stator as a simple stack of the rotor and stator
ADMs obtained for each of them separately. However, one should
take into account that the downstream blade row located close to
the upstream blade row will be subject to the vortex perturbations
of the base flow due to the viscous wakes. This effect is not present
in our calculations. In fact, the interaction of the viscous wakes
with our downstream boundary conditions causes the deviation from
the quasi-one-dimensional behavior observed near the downstream
boundary of the calculation domain in Fig. 4, thus, indicating that
the rotor–stator interactions may be important.

ADM Results
The results of the unsteady calculations were used to find the best

ADM. In each of the test cases four ADMs, for Ndf = 0, Ndf = 1,
Ndf = 2, and Ndf = 3 were built. The minimum of the mean square
deviation function F [see Eq. (9)] attained gives a quantitative char-
acteristic of the overall performance of the ADM. This characteristic
is, however, rather abstract. More physical insight into the ADM per-
formance can be obtained by direct comparisons of the predictions
for the same flow obtained with the Navier–Stokes code and the
ADM. To circumvent the difficulty associated with the reflective
boundary conditions causing nonuniformity near the boundaries of
the calculation domain, we perform the comparison for a some-
what shorter region only. This effectively means that, using V+,
U−, U+, and H+ from the flat portions in Fig. 4, we recalculate
the corresponding flow parameters and then feed their values at the
downstream and upstream boundaries as an input to a simple code
calculating the flow using the ADM. Figures 5 and 6 show the typ-
ical results of such a comparison. Similar levels of agreement were
obtained for other values of ω and in different regimes. This com-
parison also validates the minimization procedure. Note the number
of degrees of freedom given in the upper left corner of Figs. 5 and
6. From Figs. 5 and 6, it is clear that introducing internal degrees of
freedom improves the ADM and that two degrees of freedom give
quite reasonable accuracy. Note that enthalpy turns out to be most
difficult to model with ADM. This can be compared with H+ having
the most pronounced variation in Fig. 4. However, further analysis
of this is outside the scope of the present paper.

Let us consider now the minimum of the mean square deviation F
as a function of the number of internal degrees of freedom Ndf. We
anticipate a sudden improvement in the ADM quality as the number
of the internal degrees of freedom of the ADM becomes equal to
the number of distinguished degrees of freedom of the flow in the
interblade passage. Figures 7 and 8 show log(min F) vs Ndf for de-
sign and off-design regimes, respectively. The anticipated behavior
is observed in three of four cases. For both design and off-design
subsonic flow, introducing the first internal degree of freedom gives
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Fig. 5 Comparison results, subsonic design case, E = (1, 0,0, 0),ω = 3.8:
+, Re u′; ××, Im u′; ∗, Re v′; �, Im v′; �, Re p′; �, Im p′; •, Re h′; �, Im
h′; points, recalculated from V+, U−, U+, and H+; and curves, obtained
with ADM.

much greater effect than increasing Ndf further. This corresponds
to only one essential degree of freedom. In the transonic off-design
regime, such sharp improvement happens when Ndf changes from
one to two, thus, corresponding to two essential degrees of freedom.
However, for the transonic design regime, there is no such sudden
improvement. Instead, adding one degree of freedom reduces the
log(min F) by almost the same value for Ndf = 0, 1, and 2. Note
that min F decreases quickly as Ndf increases in all cases. There-
fore, for practical purposes, Ndf can indeed be assumed to be quite
small. The results obtained indicate also that, when compressibility
effects are important, higher values of Ndf are needed.

Physical Mechanisms
With Ndf = 0, the ADM (4) gives the response as a function of

the instantaneous values of the excitation and its time derivative.
If a similar assumption is made about the linearized Navier–Stokes
solutions, then for, for example, the flow excited by variation of the
upstream enthalpy h′

l(t), one obtains for u′

u′(t, x, y) = G(x, y)h′
l(t) + H(x, y)

dh′
l

dt
(t) (13)

Our calculations were performed for h′
l = exp iωt , so that

u′(t, x, y) = u′
ω(x, y) exp iωt . Therefore, u′

ω(x, y) = G(x, y) +
iωH(x, y). Because G(x, y) and H(x, y) are real valued and inde-
pendent of ω, for any two values ω1 and ω2

D(x, y) = Re
(
u′

ω1
− u′

ω2

) + i Im
[
(ω2/ω1)u

′
ω1

− u′
ω2

] = 0

Fig. 6 Same as Fig. 5, but for the transonic off-design case.

Note that due to its instantaneous nature Eq. (13) cannot describe
a wave propagating with a finite speed. In contrast, the inviscid
equations upstream and downstream from the actuator, which are
used in combination with ADM, do describe such waves. There-
fore, those deviations of D(x, y) from zero that have the form of
a propagating wave do not necessarily invalidate the assumption
Ndf = 0. Because inside the interblade passage the wave path is not
straight, the wave takes more time to pass through than if it were
propagating in the absence of blades. In the ADM (4), this effect
and the difference in the propagation speed upstream and down-
stream from the blades can be compensated by adjusting the edges
X1 and X2 of the actuator. However, this is not enough when there
are two waves propagating with different speeds. Ideally, the blade
row response should be related to the excitation by an equation with
delayed argument, the delay being equal to the wave passing time.
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Fig. 7 Mean square deviation F between ADM and Navier–Stokes re-
sults, design case; note the logarithm.

Fig. 8 Mean square deviation F between ADM and Navier–Stokes re-
sults, off-design case.

If the passing time is small as compared to the characteristic time
of the process in the compressor, internal degrees of freedom ap-
proximate the relationship with a delayed argument, with accuracy
gradually increasing with Ndf. Of course, these internal degrees of
freedom cannot be interpreted physically. This appears to be the
case for the transonic design regime in Fig. 7. Quite naturally, prop-
agating almost sinusoidal waves are present in the majority of our
solutions. They occupy the entire calculation domain and are dis-
torted only near the blades. For time-periodic flows, the propagation
speed is related to the wavelength. In subsonic flows, we observe
only a single wavelength, whereas in transonic flows there are two.
It is natural to assume that one wavelength corresponds to vortic-
ity and entropy waves, propagating downstream with the average
axial flow velocity, whereas the other corresponds to sound waves
propagating upstream with speed equal to the difference between
the speed of sound and the mean flow velocity. The sound waves
moving downstream pass quickly through the calculation domain
and are not observed at all, and the upstream moving sound waves
are observed only in transonic cases.

Those deviations of D(x, y) from zero that do not have the form
of a global wave can be expected to correspond to internal degrees
of freedom having physical meaning. A complex-valued quantity
such as D(x, y) can be introduced for each of the four variables
u′, v′, p′, and h′ in each of the four time-dependent solutions we
calculated in each of the four regimes. If represented as isolines or
surfaces, this amounts to 128 pictures. With the additional compli-
cation of global waves being present in the pictures, such a volume
of data is difficult to analyze. We developed an interactive anima-
tion system showing the surface and isolines of D(x, y) exp(2π iτ),
where τ is artificial time. The resulting on-screen picture is similar

to Fig. 3, but the surface is moving. The shapes of the surface of
D(x, y) exp(2π iτ) are usually less complicated than Fig. 3, be-
cause the part of the solutions that can be represented in the form of
Eq. (13) does not manifest itself. This simplification is the purpose
of introducing D(x, y). Animation helps to distinguish important
features even against the background of propagating global waves.
The variable and solution on display, and the picture orientation,
ranges and isoline contour levels can be changed interactively. The
system consists of a standard Unix/Linux command-driven graphic
tool, gnuplot, receiving commands through a named pipe, and a
FORTRAN code generating the commands and directing them into
that pipe. A link to a simple example of such gnuplot/FORTRAN
animation is given in the web page of Chernyshenko accessible from
the Aerodynamics and Flight Mechanics Research Group website
(http://www.afm.ses.soton.ac.uk). The FORTRAN code interacts
with the user by periodically reading a data file whose contents
can be changed with any editing tool.

Values ω1 = 0.2 and ω2 = 3.8 were used. Three processes of in-
terest were identified by observing the animations and are illus-
trated. Figure 9 shows a succession of the positions of the region
in which 0 < h′ < 0.05 at τ = 0.1, 0.3, 0.5, . . . , for the subsonic de-
sign regime. The perturbation was excited by varying the enthalpy
far upstream [E = (0, 0, 0, 1), see Eq. (11)]. As expected, in essence
the enthalpy wave is just advected downstream at the flow velocity.
Because of the no-slip condition near the wall, the initially flat wave
becomes curved. Accordingly, different parts of the wave reach the
exit of the interblade passage at different times. Such nonuniformity
in the passing time was observed in all regimes. This wave distortion
cannot be described by a single internal degree of freedom. There-
fore, it should lead to only a gradual increase in ADM quality as
Ndf increases.

In off-design cases, animations showed an intensive activity in-
side the separation eddy. In Fig. 10, the steady streamline pattern
is compared with the shape of the region (shown with thick dashed
curve) where Dh > 1.4 at τ = 0.425 for E = (0, 0, 0, 1), where Dh

Fig. 9 Wave distortion mechanism.

Fig. 10 Separation mechanism, dashed curve shows the region of high
deviation from no inernal-degrees-of-freedom behavior.



162 CHERNYSHENKO AND PRIVALOV

Fig. 11 Viscous–inviscid interaction mechanism.

denotes D(x, y) constructed from h′. Note that isolines of Dh at
other τ can exhibit a quite different pattern, but animations clearly
indicate that the inside of the eddy lives its own life, behaving inde-
pendently. This is the case when indeed a single degree of free-
dom, expressed, for example, as the amount of vorticity in the
eddy, can be expected to give a significant contribution to ADM
quality.

In transonic cases, a region of relatively high Mach number exists
in the steady flow. Figure 11 shows the isolines of M for steady flow
in the transonic design case and the location and shape of another re-
gion of high activity identified from animations [Dh > 1.2, τ = 0.95,
E = (0, 0, 0, 1)]. In this case, the high-activity region overlaps the
boundary layer and the supersonic flow region upstream from the
shock/compression wave, in other words, it overlaps the region
of viscous–inviscid interaction.15 The dimensions of the viscous–
inviscid interaction region are relatively small. For this reason its
deviation from equilibrium state can quite likely be modeled with a
single degree of freedom, at least as far as the bulk ADM response
is concerned.

The emerging pattern seems to be consistent. We identified two
mechanisms, namely, global waves propagating with two different
speeds and distortion of a propagating wave, that cannot be expected
to correspond to single internal degrees of freedom and two mech-
anisms, involving separation and viscous–inviscid boundary-layer–
shock-wave interaction that are more likely to correspond to distin-
guished internal degrees of freedom. In the subsonic design regime,
only one of the first mechanisms, the wave distortion, is present. Ac-
cordingly, the convergence (as Ndf increases) is the fastest, but there
is no sudden improvement in the ADM with Ndf increased by one.
In the supersonic design regime, both the first two mechanisms are
present, and accordingly, the convergence is slower. The viscous–
inviscid interaction is also present in this case; however, no sharp
improvements in ADM are observed. Indeed, the very nature of the
viscous–inviscid interaction is such that, when it does not precede
the boundary-layer separation, its overall effect is small. However,
if the boundary layer separates, as in the off-design transonic case,
then viscous–inviscid interaction becomes much more important,
and two degrees of freedom are needed to model it and the separa-
tion region itself. This explains the sudden improvement in ADM
when two degrees of freedom are taken into account (Fig. 8). In the
subsonic off-design case, the separation corresponds to only one
distinguished internal degree of freedom.

These results have important implications for designing an ADM.
First, depending on the flow regime, the results obtained may suggest
the number of internal degrees of freedom to be taken into account.
Second, the two-wave-speed mechanism, present in the transonic
case, can obviously be better modeled by relating the response to the
excitation by an equation with delayed argument, and such an ADM
can probably be proposed. However, solving the Euler equations in
combination with an ADM involving relationships with delayed

arguments can be more difficult. The wave-distortion mechanism
hardly can be accurately modeled with any ADM, and if and when
it is of major importance, other ways of compressor modeling may
be preferable.

VI. Conclusions
1) The Newton method is applicable for calculating steady mean

turbulent compressible flow in a compressor, even in regimes when
physical instability is quite strong. This includes the case when the
compressor characteristics have a positive slope and/or there is a
massive separation.

2) The use of the Newton method for solving the steady prob-
lem conveniently combines with solving the linearized unsteady
problem.

3) It was found that upstream and downstream from the blade row
averaged Riemann invariants exhibit quasi-one-dimensional behav-
ior not only far from the blades but also remarkably close to them.
This allows one to use relatively short computational domains.

4) In all cases, an ADM with two internal degrees of freedom
was found to give quite accurate descriptions of the behavior of a
compressor blade row in terms of upstream and downstream flow
parameters averaged in the circumferential direction.

5) Four mechanisms were identified as responsible for the devia-
tion of the blade row response from the response given by the ADM
without internal degrees of freedom: a) difference in propagation
speed for waves of different nature (present in transonic flows and
poorly modeled with internal degrees of freedom), b) wave distortion
(present always, poorly modeled with internal degrees of freedom),
c) separation (present in the off-design regimes, well modeled with
an internal degree of freedom), and d) viscous–inviscid interaction
(present in transonic regime, well modeled with internal degree of
freedom but essential only in the off-design regime).
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